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The asymptotic distribution of the roots of the congruence ax = b (mod D), 
1 <x,< D, as D varies, is investigated. Quantitative estimates are obtained by 
means of exponential sums combined with sieve methods. As an application of the 
results it is shown that if an additive arithmetic function satisfies f(an + b) - 
flcn + d) = O( 1) for all positive integers n, ad # bc, then f(n) = @(log n)‘) must 
hold. This result is apparently the first bound of any kind in such a situation. 
1 
Let a, /I be coprime rational integers, a > 2. For each positive integer 1 
which is prime to a there is a unique integer k in the interval 1 < k < I which 
satisfies the congruence ak E p (mod)l). It is natural to enquire whether the 
fractions k/l are uniformly distributed (mod 1) as I varies. Furthermore, what 
is the smallest fraction k/l when I is required not to exceed a given integer N, 
especially if the integers a, /I depend upon N? 
Besides having an independent interest, an answer to the last of these three 
questions may be applied to certain problems in the theory of arithmetic 
functions. An arithmetic functionf(n) is said to be additive if it satisfies the 
relation f(rs) =f(r) + f( ) s w enever h r, s are coprime positive integers. 
Katai [3] introduces a number of problems of which the following is typical: 
Let a, A be positive integers. Let b, B be further integers so that aB # Ab. 
Characterise all additive arithmetic functions f (n) which satisfy 
f(an + b) - f(An + B) -+ 0, n+aI. (1) 
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The case a = A = 1, B = 0, b = 1 was considered by Erdijs [2], who proved 
that f(n) = c log n for some constant c and all n > 1 must hold. His method 
apparently does not generalize to cover the cases when UA > 1. As an 
example in the application of our congruence results we show how to deduce 
from an hypothesis such as (1) that f(n) = O((log n)d) for some fixed d and 
all n > 1, (n, (a,A)) = 1. 
THEOREM 1. Let a, /I be integers, a > 2. For each real number z, 
0 < z < 1, and positive integer N, let F(N, z) denote the number of fractions 
k/l, 1 & k < 1, ka = /? (mod l), 1 < I< N, (I, a) = 1, which satisfy k/l < z. 
Then as N+ co 
-‘F(N z)+L 3 
v(a) 
c 1, 
l<Y<W 
(Y,a)= 1 
(2) 
where w = [az] unless az is an integer and /3 > 0, when w = [az] - 1. 
Remarks. The number of fractions k/l defined as in the above statement 
with z = 1 (and thus no condition to be satisfied by their size) is the same as 
the number of integers 1 which are prime to a and which do not exceed N. 
An estimate for this number is 
(q(a)/a)N + 82W(a’, 
where ] 0] < 1, and w(a) denotes the number of distinct prime factors of a. 
Regarded as a function of z, the limiting value in (2), over the range 
0 < z < 1, has when p > 0 the form of a left-continuous distribution function. 
Note that 
1 
-c 
da) 
1 =z + ,(a-I+‘) 
1<y<Iazl 
(Y*a)= I 
for every fixed E > 0, so that for “larger” values of a the fractions k/l are 
more nearly uniformly distributed (mod 1). 
It follows from Theorem 1 that if /3 < 0, then solutions to the congruence 
ak s p (mod 1) may be found, with 1 as large as desired, for which k/l < a- ‘. 
In a sense this is best possible, for if ak - p = ll’, where I’ 2 1, then 
ski- * > 1 + /Q-r, and this lower bound approaches 1 as 1 becomes larger. 
However, it is still possible for some fraction k/Z to be much smaller than 
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1, for some integer 1 which is much smaller than a. Such a result will be 
obtained and applied during the proof of the following theorem: 
THEOREM 2. Let f(n) be an additive arithmetic function. Let a, A be 
positive integers, and b, B further integers so that aB # Ab. Let there be 
constants D, E so that 
ifian + b) - f (An + B)l < D(log n)” (3) 
holds for all integers n > 2. Then there are further constants F, G so that 
If @>I G Wag 4’ (4) 
holds for all n > 2, (n, (a, A)) = 1. 
Remark. Values for the constants F, G could be computed if desired, as 
we show in our concluding remarks. The value of G depends upon E only 
and not upon a, b, A, B. The method by which we establish Theorem 2 is 
perhaps capable of application to other problems involving additive functions 
of a more general nature. We do not pursue this here, as our present proof of 
Theorem 2 is already complicated. 
The condition (n, (a, A)) = 1 is natural. For example, the additive function 
which is defined by f(3k) = 3k, f(p’) = 0 for all s > 1, (p, 3) = 1, satisfies 
f(6n + 1) - f(3n + 1) = 0. Theorem 2 then asserts that 1 f(n)1 < F(log n)” 
holds for all n which are prime to 3. No such estimate holds on the powers 
of 3. 
3. PROOF OF THEOREM 1 
Since the limit law in (2) is not the uniform one, we do not investigate the 
appropriate trigonometric sum, but argue indirectly. 
Consider the equation 
ak-B=xy, (5) 
where k, x, y are nonnegative integers restricted by 1 < x < N, (x, a) = 1, 
~-‘(a -p) < y < czz - x-‘p. If x, y satisfy Eq. (5) for some integer k, then 
k/x = (xy + B)/ax < z 
and k > 1. Moreover, ak = p (mod x), so that the fraction k/x is counted in 
F(N, z). Indeed, there is a one-one correspondence between the solutions to 
Eq. (5) with the above side conditions and the fractions counted in F(N, z). 
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Hence 
F(N, z) = (number of solutions (k, x, y) to Eq. (5) with 
in addition N”’ < x) + O(N’/*). 
Suppose now that az is not an integer. Then for all large N the condition 
x-‘(a-~)<~<az-x-‘/3is equivalent to 
O,<Y< [azl if a<p 
and to 
1 <Y< bl if a > p. 
However, y = 0 means that ak = /I, which the condition (a, /3) = 1 rules out. 
We are thus reduced to estimating the sum 
where ’ indicates that y satisfies the condition 1 < y < [az]. If now 
(y, a) > 1, then from (5) (y, a) divides /I. But (a, p) = 1 so that ( y, a) = 1 
must hold. 
For each fixed value of y, prime to a and in the range 1 < y < [az], x 
must belong to precisely one reduced residue class (mod a). The number of 
such x which do not exceed N is Na-’ + O(I). 
Hence 
F(N, z) = Na-’ c 1 + O(N”‘). 
I<Y<IUZl 
(y.a)=l 
It is now straightforward to complete the proof of Theorem 1. 
-4. AN AUXILIARY EQUATION 
This section will be devoted to a proof of the following essential result: 
LEMMA 1. Let a, > 0, b,, i = 1, 2, 3 be integers which satisfy 
a, b, # b, a,, (a3, b,) = 1. Let j be an integer. Let m be a positive integer and 
seta=a,m+b,,p=a,m+b,,y=a,m+b,. 
Then there are positive integers m,, pO, t, and a real number t, 0 < r < 1, 
so that whenever m > mO, a solution to the equation 
ak+p=xy (6) 
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may be found in positive integers k, x, y which satisfy the further conditions 
(i) k < mzr-‘, max(x, y) < m’, 
(ii) (a3 k + j, y) = 1, 
(iii) Zfp 1 a3 and p’ (( (a3 k + j), then t < t,, 
(iv) VP* I XY, then P < po, 
(v) Ifp < p. and pf (I x (or p’ I( Y), then t < 6,. 
Furthermore, whilst the constants p,, to, z may depend upon the ai, bi and 
upon j, they do not depend upon m. 
Remarks. We shall show that the conditions of Lemma 1 can be satisfied 
with any fixed value of 7 in the range i < 7 < 1. There will then be many 
solutions. 
Proof We begin by obtaining solutions of Eq. (6) which are bounded 
according to condition (i). 
Let u, v be integers, for the moment restricted only by u > 0, (u, v) = 1. 
Let 7 be a real number, f < 7 < 1, and let m be a positive integer. Let S(u, v) 
denote the number of solutions to the equation 
uk+v=xy (7) 
in positive integers k, x, y restricted to lie in the intervals m’/2 <x < mT, 
2(u-v)m-‘< y<um’-‘--vm-‘. Note that this bounds k from above by 
k<m*‘-’ and from below by k > 1. If u and v are of the form a’m + b’, 
then (regarding a’, b’ as being fixed) the condition on y will essentially have 
the form a”m’-’ < y Q b”mT. 
We shall obtain an asymptotic estimate for S(u, v) by applying the 
method of trigonometrical sums. For this purpose the following estimate for 
an incomplete Kloosterman sum is important: 
LEMMA 2. Let D be a positive integer. Zf (x, D) = 1, let 3 denote a 
residue class representative which satisfies x2 = 1 (mod 0). Let r, s be 
integers. Let E > 0, rl, & be real numbers, 0 < r2 - {, < 20. Then 
\‘ 
A exp 
g..;,yf 
(g (rx + s.f)) = O(D”2+E(~, D)“*). 
Proof See, for example, Hooley [4, Lemma 41. 
For ease of presentation let M = m’/2, Y,=2(u-v)m-‘, 
Yz = urn’-’ - urn-‘. We shall assume that Y, >, Y, . 
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For each integer 1 
if I - 0 (mod u), 
= 0, if 1& 0 (mod u). 
By means of this relation we obtain the representation 
ev 
where xf E 1 (mod u). 
Those terms involving h = 0 contribute 
u-w21 - [Y,l) c 1. 
M<X<ZM 
(.r,td)= 1 
The remaining terms have a sum whose absolute value does not exceed 
1 y: .y - , 
u h:, kf<:2‘w 
exp (?)I )zyexp (-?)I. (8) 
(X.D) = I 
We shall now assume that M(= m’/2) < c,u for some constant c,, . All 
further constants in this section may depend upon cO. Then we may apply 
Lemma 2 to the sum involving ff and obtain for expression (8) the upper 
bound 
0 (+ z: U”2+yhu, uy 11; Ii’)) 
where l[Lll denotes the distance from 1 to the nearest integer. Since (hv, u) < 
(h, u)(u, u), those terms with h < u/2 contribute 
uy2 2 (h, uy2r1 
h<u/2 
= 0 ( uI/2+E (v, ~1”’ ; d ‘I2 zz, d-‘t-’ I (u/2d 
1’2+E(u, u)“’ c d-l” log u 
dlu 
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A similar estimate may be obtained for those terms with u/2 < h < u if one 
notes that (U - r, u) = (r, u). 
Hence 
S(u,u)=u-y[Y,]-[Y‘]) x l+o(u”2+2”(U,u)“‘). 
M<x<ZM 
(X.u)=l 
To apply this to Eq. (6) with u = (x, u = j3, we note that if d / a, d / /I, then d 
divides a,a-a,/?=a,b,--a,b,. Thus (a,/I) is bounded in terms of the a,. 
b,, 1 < i < 2. In this particular case 
1‘ 1 = da) 
M<f;lkZM 
-M + O(d), 
a 
bY.a)= I 
[Y2] - [Y,] =cfm*-’ + 0(m’-y, 
(9) 
so that 
S(a, /3) = (cp(a)/2a) mZT-’ + O(m”2+2E). 
In particular s(a, p) > 0 if 5 > t, E is sufficiently small in terms of (5 - $ ), 
and m is sufftciently large in terms of t and E. 
We have thus established that part of Lemma 1 involving condition (i). 
In order to embody the condition (a3 k + j, y) = 1, we need an estimate for 
the number of solutions to Eq. (6) when a,k $ j = 0 (mod d) and d is a 
squarefree divisor of y, y assumed to be nonzero. Note that since (a3, b,) = 1, 
the condition (d, a& = 1 is automatically satisfied. Thus the condition 
a,k + j z 0 (mod d) is equivalent to k = k, (mod d) for a certain k,), 
0 Q k, ( d. We seek an estimate for the number of solutions (k’, x, y) to 
a(dk’ + k,) + ,8 = xy, 
where x, y satisfy the same conditions M < x < 2M, Y, < y < Y, as at stage 
(9). Such an estimate is 
S(da,ak.+P)=~([Y,1-JY,J) -T 
M<%IZM 
1+ O((da) l/2+ “(da, ak,+P)“‘) 
cc. da)= I 
&da) - m2T-1 + o(&+2Eml/2+2E), 
2d2a 
since (a, ak, + /?) = (a,P). We can write the leading term in the latter 
estimate in the form 
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where the function 
g@=$rJa) (I-$)-’ rJ (1-i) 
is a multiplicative function of d. 
We are now in a position to apply a form of Selberg’s sieve method. 
LEMMA 2. Let G(n) be a real-valued nonnegative arithmetic function. 
Let a,, n = l,..., N, be a sequence of rational integers. Let r be a positive real 
number and let p, c pz < . .a < pS Q r be rational primes. Let Q = p, .. . ps. 
If d 1 Q, then let 
5 G(n) = tt(dW + RF, 4, 
lIEI 
a,sO(mod d) 
where X, R are real numbers, X > 0, and n(d,dz) = n(d,) n(dJ whenever d, 
and d, are coprime divisors of Q. 
Assume that for each prime p, 0 < n(p) < 1. 
Let I(N, Q) denote the sum 
5 G(n). 
It=1 
(a.,Q) = I 
Then the estimate 
I(N, Q) = (1 + 24W n (1 - V(P)) + 20, zQ 3w(d) IR(N, d)l 
PIQ 
d$r.’ 
holds unformly for r >, 2, max(log r, T) < $ log z, where ) 6,I < 1, 10,) < I, 
and 
H=exp (-z [log (JJ)-loglog (F) -+J), 
T= ,$ 1 “‘;;p, 1% P. 
When these conditions are satisfied, there is a positive absolute constant c 
so that 2H(c < 1. 
Remarks. If only an upper bound for I(N, Q) is desired, then one may 
replace the condition d Q z3 by d < z* and change the definition of T to 
This then allows the possibility that n(p) = 1. 
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A value for the constant c is exp(-0.006). 
Proof of Lemma 2. For this result, which is of a type known as the 
fundamental lemma of Kubilius, see Elliott [ 1, Chap. 21. 
Let Q denote the product of those prime divisors p of y which do not 
exceed m”. Here p is a positive number, 0 < ,U < 1, whose value will be fixed 
presently. 
Then according to Lemma 2 with r= m’, z = me”‘, the number of 
solutions to Eq. (6) which have the property that (k, Q) = 1 in addition to 
M<x<2M, Y,<y<Yy,,is 
(1 + O(exp(-Kp-‘I*))} n (1 - g(p))$m”-’ 
PIQ 
for some positive constant K. This estimate will be at least as large as 
q(a) rn*‘-’ 
4a ,gu e) ,g. (l-++f)l 
p1Ca.y) PlY.Plla 
provided that ,u is fixed at a sufficiently small value and m is large enough in 
terms of ,u, r, and the various ai, bi. 
In turn this lower bound is at least as large as 
(da) drPv> . m”-‘. 
Moreover, the number of solutions to Eq. (6) with k divisible by some prime 
q, q ( y, q > mp, is not more that 
T’ \’ \‘ 1, 
4lY IT-L zi/ 
q>W I-0(modqa) 
(10) 
where L = max(xy) = O(m*‘). The innermost sum here is O(m@) for any 
fixed E,, > 0, and the double sum over 1 and 6 is then 
Since y can have at most O(log m) distinct prime factors, the triple sum at 
(10) is 0(m2e~(m2r-‘-’ + 1)). 
We have now shown that there are at least 
(rp(a) cp(yY6w) . d- ’ 
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solutions to Eq. (6) with m’/2 < x < m', Y, < y < Y,, and (a,k + j, y) = 1. 
This satisfies conditions (i) and (ii) of Lemma 1. 
Suppose now that p is a prime not exceeding a given p. and that t is an 
integer, so that p’ < mEI for some sI > 0. In what follows we regard pO, E, as 
being (temporarily) fixed. Then the number of solutions to the equation 
ak-tP=xy, 
with M < x < 2M, Y, < y < Y,, (a3 k + j, y) = 1, k divisible by p’ is the 
same as the number of solutions (k’, x, y) to the equation 
ap’k’ + fi = xy 
with (u,p’k’ + j, 7) = 1. Note that (qp’, y) = 1. The above method shows 
that if E, is fixed at a sufficiently small value, there are at most 
c,p-‘mZr-‘p(a) p(y) a-‘y-l 
such solutions. If t, is fixed at a large enough value 
c, ~p-‘~<~,2-‘~+~~p-~<c,2-~~+~< l/24. 
PlO, P 
We can thus obtain at least 
(da) ~WfW> . m”-’ (11) 
solutions to Eq. (6) with m’/2 < x & m*, Y, < y 4 Y,, (u,k + j, y) = 1, and 
condition (iii) of Lemma 1 is satisfied. 
Our next task is to estimate how many of these solutions have the 
property that xy is divisible by the square of some prime. 
Let E,, be a positive real number, 2~~ < 22 - 1. Consider first those 
solutions to Eq. (6) with M < x < 2M, Y, < y < 2Y,, and xy = 0 (mod p’), 
where p is a prime in the range m2Q < p < m2r-‘-2E~. For any fixed k, there 
are o(mQ) pairs (x, u) for which ak + p = xy. Hence the total number of 
solutions of this type is 
0 m”o 
( 
C 
m2EO<p6m2r--I--2E0 
(IT + 1)) = O(m2r--I--Eo), 
a number which is negligible in comparison with the estimate at (11). Note 
that from the condition xy 3 0 (mod p’) we obtain ak 3 +I (mod p’). Here 
there will be no solution in k unless (p’, a) divides p. This condition will be 
satisfied unless p 1 a, when p l/3 will have to hold. But (a,@ is bounded 
independently of m and the condition p > rn2Q with m large rules out the 
possibility that p ( (a, p). 
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The solutions to (6) with ak E -/I (mod p’) and p < m2Q must be treated 
with a little more care. If we choose p0 sufficiently large (in terms of the 
ai, bJ and restrict p by p > po, then once again (p’, a) = 1 will hold. 
There are three (not necessarily distinct) ways in which p* can divide xv. 
We can have p* 1 x, p2 1 y, or p 1 x together with p ( y. 
We shall suppose that p 1 x and p 1 y, the other cases being similar in 
outcome. We count the number of solutions to the equation 
where Mp-‘<x<2Mp-‘, Y,p-‘<y<Yzp-‘, (u,k+j,y)=l. The 
method used in the consideration of condition (ii) leads here to an upper 
bound 
o 
( 
p(a) m2T-’ 
-Tpgu a P 
(1 -i) +m”*i’$ 
PIY 
Moreover, 
so that the solutions with x z 0 (mod p). y = 0 (mod p), p,, < p < mzEo are in 
number 
0 da)rpW m2r-l \‘ ~+mw+3Ct2E0 
( ay PTP, p 2 1. 
If E, is fixed at a suitable small value and p. is sufficiently large (but fixed), 
the number of these solutions does not exceed one quarter of that number 
given at (11). 
Similar arguments may be applied if p* ( x, and so on, and we see that if 
the constant 8 at (11) is replaced by 16, then we may safely assume that 
whenever p2 divides xy we must have p < p. or p > m2T-‘-2Eo. 
Consider the situation whenp > m27-1-2Eo. Then we shall have 
ak+j?=p*A, (12) 
where the integer 1 satisfies 1 Q p-* max(x, JJ) = O(m2T-2’2r-‘-2Ed) = 
O(m 
*(l-r-*% 
1. 
Let us consider d to be (temporarily) fixed. Let the congruence ak + /.? z 0 
(mod 1) be equivalent to k = k, (mod A,), where i, = A@, a)-‘. Note that 
(A, a) divides j? and so (a, p), and thus (A, a) < c2 for some constant c2 which 
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depends upon the a,, b, but not upon m. Let k = k, + 1, w. Then Eq. (12) 
becomes 
a@, + A, w) + p = p% 
that is 
a,w+a=p*, (13) 
where a, = a(a, A)-‘, c = (/I + ak,) 1-l. Note that cr may be as large as m in 
size, but that w  is contained in an interval of integers of length at most 
c A-‘mZr-‘, Moreover, m 2r-‘~;‘>c,mP withp=2r- 1 -2(1 -rt2ao)= 
4’t -! 3 - 4a,, > 0 if r > $ and a,, is sufficiently small. 
We estimate the number of solutions (in terms of w) to Eq. (13), making 
use of the fact that the left-hand side of the equation is to be square, indeed 
the square of a prime. 
If w  is chosen to have a positive value small enough that p > 2~, we can 
assert that the sequence of values a, w + o, 1 < w < c3A;‘mZr-‘, on the left- 
hand side of Eq. (13) omits at least (q + I)/2 residue classes (mod q) to each 
prime p < m” which does not divide a,. We can obtain an upper bound for 
the number of members of this sequence by Selberg’s sieve method. 
We apply Lemma 2 with G(n) = 1, Q the product of the primes q < m* 
which do not divide a,, r=(y//12)logm, z=m”, and X=c3A;‘m2’-‘. In 
the present case, if d ( Q, (d, a,) = 1, the number of values w  for which 
1,<w(X,a,w+a~O(modd)isXd-‘t0(1).FromLemma2weobtain 
the upper bound for the number of solutions to Eq. (13): 
0 K’m*‘-’ ( n (1 -r(p)) + m**+‘l , PGr 1 
(p,a,) = 1 
where c1 may be given any fixed positive value which will then affect the 
implied constant. According to the remark which follows the statement of 
Lemma 2, in our present application of that lemma with v(p) = (p + 1)/2p, 
we may take 
‘=F ?(P)lwP= c (;+$) logp, 
PGr 
(P&d= 1 
which for large values of m does not exceed &log m” < i log z. Then 
JJr (1 - v(P)) < exp (-log 2 zr 1) = O(ew(--d&G)). 
(/J,n,)=l (P.u,)= 1 
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Hence Eq. (13) has 
w-‘m2*-’ w-+dGG)) 
solutions. Summing over the possible A values, we obtain for the number of 
solutions to Eq. (12) the upper bound 
O(m*‘-’ exp(-(log m)“3)), (14) 
which is much less than the number at (11). 
In this way we can guarantee that condition (iv) of Lemma 1 is satisfied. 
It is perhaps worthwhile to remark here that while estimate (14) is ample 
for our present purposes, a much better upper bound for the number of 
solutions to Eq. (13) may be obtained from a result of Montgomery [S]. 
It is now straightforward to satisfy condition (v) of Lemma 1. Suppose 
that pt divides x, with p < po. Then so long as pt does not exceed a certain 
power of m, we may argue as in the method used to satisfy condition (iii) for 
small primes p to obtain for the number of solutions to the equation 
withp-‘M<x<2p-‘M, Y, <y< Y,, (a,k+ j,y)= 1, an upper bound 
c,p-t da) cp(Y) 2r-, -.-.m . 
a Y 
p-t <c,2-‘+* x p-2 < 8c,2-’ 
0 P 
and this last number can be made as small as desired by choosing t 
sufficiently large, we may safely remove from the solutions to Eq. (6) so far 
obtained all those which are divisible by a high power (> some particular to) 
of a prime p not exceeding p,,. We may clearly take the same value of t, in 
conditions (iii) and (v). 
This completes the proof of Lemma 1. 
5. PROOF OF THEOREM 2 
We first prove that a bound (4) holds for all integers which are prime to a. 
Let n be an integer prime to (I, n = am + c say, where (a, c) = 1, 
1 <c S a. We shall assume n to be large enough that m is positive. There is 
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a unique j, 1 < j < u, so that jc = b (mod a), jc = b + ru, say. Let k be a 
positive integer and set I= ka + j. Then 
ln=(ku+j)(am+c)=a((ku+j)m+ck+t}+b, 
which has the form an’ + b. We may therefore apply inequality (3) of our 
hypothesis to obtain 
If(an’ + b) -f(An’ + B)( ( D(log r~‘)~. 
Suppose now that (ka + j, n) = 1. Thus (l, n) = 1 would be satisfied, and so 
f&z) = f(n) + f(l). Hence we should arrive at 
We now look for an integer k so that (ka + j, n) = 1 and An’ + B has the 
form xy, where x and y are small compared to n. Here 
An’+B=k(aAm+Ac)+(Ajm+At+B) 
and we apply Lemma 1 with the values of the parameters: j= j and 
a,=aA, 6, = AC, 
a, = Aj, b, = At + B, 
a3 = a, 6, = c. 
With these values of the parameters (a,, b3) = (a, c) = I and 
a,b,-a,b,=aA(At+B)-AjAc 
=A’(at-jc)+uAB=A(aB-bA)#O. 
Moreover, if n is sufficiently large, m will be positive and exceed (the 
appropriate) m, . 
According to Lemma 1, we can find a value k < m2’-* for which 
(a, k + j, n) = 1 and ak + j is not divisible by any high power of a prime 
dividing a. Also An’ + B has the form dx, y,, where x,, y, are relatively 
prime (and squarefree) numbers, prime to d, and not exceeding m+, whilst d 
is a number involving only primes p < p. or primes which divide a, with 
d = O(1) independently of m. Hence we obtain 
If(n)I 4 If( + IfhI + Ifh)l + c5 + m% 0, (15) 
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where the integers n, , x, , y, are prime to a, n, < n2’-‘, x, < nT, y, < nr. 
Here 
n’=(ka+j)m+ck+t~2akm+ck+t 
< 2k(am + c) -t t < 3n2’ < n3 
(16) 
if n is sufficiently large. 
We are now in a position to give an inductive proof. 
If 
for all w  < n, (w, a) = 1, then from (15) and (16) 
If(n)\ <F(log n)‘((2t - 1)’ + 25’ + c,F’(log n)-” + D3EF-‘(10g n)“-“}. 
If G > E and (22 - 1)’ + 27’ < 1, then for all sufficiently large values of n 
the coefficient of F(log n)G is <I, so that the induction proceeds. 
We may argue in exactly the same way with the roles of a, A 
interchanged. Hence 
f(n) = Ot(log n)“) 
holds for all n prime to A. 
If now (n, (a, A)) = 1, then n may be expressed in the form n, . .. n,, , 
where each nj is a prime-power, (nj, n,) = 1 if 1 < i < j < h, and n, is prime 
to one of the numbers a, A. Hence 
If(n)\ = / 5 f(ni( <F 5 (log ni)” 
i=l i=l 
< F(1og n)‘-’ t1 log n, = F(log n)” 
jYl 
so long as G 2 1. 
Theorem 2 is now proved. 
CONCLUDING REMARKS 
The above proof shows that for G we may take any value which satisfies 
theconditionG>E,G~1,(2~-1)G+27G<1.Sinceanyfixedr,~<s<1 
is permissible in Lemma 1, and since 
(2(Z) - 1)’ + 2(3)3 = g < 1, 
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it will suffke if G > E and G > 3. In particular, if 
f(an + 6) -j-(&l + B) = O(I), 
for all n, uB # Ab, then 
S@) = O(Oog 4”) 
for all prime to (a,A). 
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